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Abstract
The neural plausibility of backpropagation has
long been disputed, primarily for its use of non-
local weight transport — the biologically dubi-
ous requirement that one neuron instantaneously
measure the synaptic weights of another. Until re-
cently, attempts to create local learning rules that
avoid weight transport have typically failed in the
large-scale learning scenarios where backpropa-
gation shines, e.g. ImageNet categorization with
deep convolutional networks. Here, we investi-
gate a recently proposed local learning rule that
yields competitive performance with backpropa-
gation and find that it is highly sensitive to meta-
parameter choices, requiring laborious tuning that
does not transfer across network architecture. Our
analysis indicates the underlying mathematical
reason for this instability, allowing us to identify
a more robust local learning rule that better trans-
fers without metaparameter tuning. Nonetheless,
we find a performance and stability gap between
this local rule and backpropagation that widens
with increasing model depth. We then investi-
gate several non-local learning rules that relax
the need for instantaneous weight transport into
a more biologically-plausible “weight estimation”
process, showing that these rules match state-of-
the-art performance on deep networks and oper-
ate effectively in the presence of noisy updates.
Taken together, our results suggest two routes to-
wards the discovery of neural implementations
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for credit assignment without weight symmetry:
further improvement of local rules so that they
perform consistently across architectures and the
identification of biological implementations for
non-local learning mechanisms.
1. Introduction
Backpropagation is the workhorse of modern deep learning
and the only known learning algorithm that allows multi-
layer networks to train on large-scale tasks. However, any
exact implementation of backpropagation is inherently non-
local, requiring instantaneous weight transport in which
backward error-propagating weights are the transpose of
the forward inference weights. This violation of locality
is biologically suspect because there are no known neural
mechanisms for instantaneously coupling distant synaptic
weights. Recent approaches such as feedback alignment
(Lillicrap et al., 2016) and weight mirror (Akrout et al.,
2019) have identified circuit mechanisms that seek to ap-
proximate backpropagation while circumventing the weight
transport problem. However, these mechanisms either fail
to operate at large-scale (Bartunov et al., 2018) or, as we
demonstrate, require complex and fragile metaparameter
scheduling during learning. Here we present a unifying
framework spanning a space of learning rules that allows
for the systematic identification of robust and scalable alter-
natives to backpropagation.
To motivate these rules, we replace tied weights in back-
propagation with a regularization loss on untied forward and
backward weights. The forward weights parametrize the
global cost function, the backward weights specify a descent
direction, and the regularization constrains the relationship
between forward and backward weights. As the system
iterates, forward and backward weights dynamically align,
giving rise to a pseudogradient. Different regularization
terms are possible within this framework. Critically, these
regularization terms decompose into geometrically natural
primitives, which can be parametrically recombined to con-
struct a diverse space of credit assignment strategies. This
space encompasses existing approaches (including feedback
alignment and weight mirror), but also elucidates novel
learning rules. We show that several of these new strategies
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are competitive with backpropagation on real-world tasks
(unlike feedback alignment), without the need for complex
metaparameter tuning (unlike weight mirror). These learn-
ing rules can thus be easily deployed across a variety of
neural architectures and tasks. Our results demonstrate how
high-dimensional error-driven learning can be robustly per-
formed in a biologically motivated manner.
2. Related Work
Soon after Rumelhart et al. (1986) published the backpropa-
gation algorithm for training neural networks, its plausibility
as a learning mechanism in the brain was contended (Crick,
1989). The main criticism was that backpropagation requires
exact transposes to propagate errors through the network
and there is no known physical mechanism for such an “op-
eration” in the brain. This is known as the weight transport
problem (Grossberg, 1987). Since then many credit assign-
ment strategies have proposed circumventing the problem by
introducing a distinct set of feedback weights to propagate
the error backwards. Broadly speaking, these proposals fall
into two groups: those that encourage symmetry between
the forward and backward weights (Lillicrap et al., 2016;
Nøkland, 2016; Bartunov et al., 2018; Liao et al., 2016; Xiao
et al., 2019; Moskovitz et al., 2018; Akrout et al., 2019), and
those that encourage preservation of information between
neighboring network layers (Bengio, 2014; Lee et al., 2015;
Bartunov et al., 2018).
The latter approach, sometimes referred to as target propa-
gation, encourages the backward weights to locally invert
the forward computation (Bengio, 2014). Variants of this
approach such as difference target propagation (Lee et al.,
2015) and simplified difference target propagation (Bar-
tunov et al., 2018) differ in how they define this inversion
property. While some of these strategies perform well on
shallow networks trained on MNIST and CIFAR10, they fail
to scale to deep networks trained on ImageNet (Bartunov
et al., 2018).
A different class of credit assignment strategies focuses on
encouraging or enforcing symmetry between the weights,
rather than preserving information. Lillicrap et al. (2016)
introduced a strategy known as feedback alignment in which
backward weights are chosen to be fixed random matrices.
Empirically, during learning, the forward weights partially
align themselves to their backward counterparts, so that the
latter transmit a meaningful error signal. Nøkland (2016)
introduced a variant of feedback alignment where the error
signal could be transmitted across long range connections.
However, for deeper networks and more complex tasks, the
performance of feedback alignment and its variants break
down (Bartunov et al., 2018).
Liao et al. (2016) and Xiao et al. (2019) took an alternative
route to relaxing the requirement for exact weight symmetry
by transporting just the sign of the forward weights during
learning. Moskovitz et al. (2018) combined sign-symmetry
and feedback alignment with additional normalization mech-
anisms. These methods outperform feedback alignment on
scalable tasks, but still perform far worse than backpropa-
tion. It is also not clear that instantaneous sign transport
is more biologically plausible than instantaneous weight
transport.
More recently, Akrout et al. (2019) introduced weight mirror
(WM), a learning rule that incorporates dynamics on the
backward weights to improve alignment throughout the
course of training. Unlike previous methods, weight mirror
achieves backpropagation level performance on ResNet-18
and ResNet-50 trained on ImageNet.
Concurrently, Kunin et al. (2019) suggested training the
forward and backward weights in each layer as an encoder-
decoder pair, based on their proof that L2-regularization
induces symmetric weights for linear autoencoders. This
approach incorporates ideas from both information preser-
vation and weight symmetry.
A complementary line of research (Xie & Seung, 2003; Scel-
lier & Bengio, 2017; Bengio et al., 2017; Guerguiev et al.,
2017; Whittington & Bogacz, 2017; Sacramento et al., 2018;
Guerguiev et al., 2019) investigates how learning rules, even
those that involve weight transport, could be implemented
in a biologically mechanistic manner, such as using spike-
timing dependent plasticity rules and obviating the need for
distinct phases of training. In particular, Guerguiev et al.
(2019) show that key steps in the Kunin et al. (2019) regu-
larization approach could be implemented by a spike-based
mechanism for approximate weight transport.
In this work, we extend this regularization approach to
formulate a more general framework of credit assignment
strategies without weight symmetry, one that encompasses
existing and novel learning rules. Our core result is that the
best of these strategies are substantially more robust across
architectures and metaparameters than previous proposals.
3. Regularization Inspired Learning Rule
Framework
We consider the credit assignment problem for neural net-
works as a layer-wise regularization problem. We consider a
network parameterized by forward weights θf and backward
weights θb. Informally, the network is trained on the sum
of a global task function J and a layer-wise regularization
function1 R:
L(θf , θb) = J (θf ) +R(θb).
1 R is not regularization in the traditional sense, as it does not
directly penalize the forward weights θf from the cost function J .
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layer l
<latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZB NS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLY YrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoao fazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jC GdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit><latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZB NS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLY YrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoao fazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jC GdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit><latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZB NS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLY YrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoao fazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jC GdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit><latexit sha1_base64="BM8fe6iHHCoJyPx8AuUhP7leDek=">AAAB6HicbZB NS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLY YrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraYYlCtu1V2IrIOXQwVyNQblr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LEoao fazxaIzcmGdIQljZZ80ZOH+nshopPU0CmxnRM1Yr9bm5n+1XmrCGz/jMkkNSrb8KEwFMTGZX02GXCEzYmqBMsXtroSNqaLM2GxKNgRv9eR1aF9VPcvN60r9No+jC GdwDpfgQQ3qcA8NaAEDhGd4hTfn0Xlx3p2PZWvByWdO4Y+czx/UC4zw</latexit>
layer 1<latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6Hic bZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/L xSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj /VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6 snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6Hic bZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/L xSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj /VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6 snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6Hic bZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/L xSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj /VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6 snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6Hic bZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/L xSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj /VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6 snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit>+<latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF EISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/X LFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgL Z+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF EISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/X LFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgL Z+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF EISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/X LFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgL Z+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF EISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/X LFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgL Z+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit>
xl
<latexit sha1_base64="PdveZO2PGRv1x 3a+9NbuLIMU3Yc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7 aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2 //oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIy ite6f+rJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrU dGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmE qCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDep wCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2Uejds=</latexit><latexit sha1_base64="PdveZO2PGRv1x 3a+9NbuLIMU3Yc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7 aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2 //oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIy ite6f+rJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrU dGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmE qCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDep wCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2Uejds=</latexit><latexit sha1_base64="PdveZO2PGRv1x 3a+9NbuLIMU3Yc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7 aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2 //oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIy ite6f+rJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrU dGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmE qCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDep wCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2Uejds=</latexit><latexit sha1_base64="PdveZO2PGRv1x 3a+9NbuLIMU3Yc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7 aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2 //oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIy ite6f+rJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrU dGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmE qCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDep wCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2Uejds=</latexit>
+
<latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF EISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/X LFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgL Z+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF EISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/X LFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgL Z+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF EISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/X LFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgL Z+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF EISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/X LFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgL Z+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit> 1<latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">A AAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau+ +0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvh wrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN 37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/Piv Dsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">A AAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau+ +0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvh wrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN 37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/Piv Dsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">A AAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau+ +0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvh wrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN 37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/Piv Dsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">A AAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau+ +0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvh wrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN 37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/Piv Dsfy9aCk8+cwh85nz96n4y1</latexit>
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Figure 1. Notational diagram. The forward weight Wl propa-
gates the input signal xl downstream through the network. The
backward weight Bl propagates the pseudogradient ∇˜l+1 of J
upstream through the network. The regularization function R
is constructed layer-wise from xl, xl+1, Wl and Bl. Similar to
Akrout et al. (2019), we assume lateral pathways granting the
backward weights access to x and the forward weights access to
∇˜. Biases and non-linearities are omitted from the diagram.
Formally, every step of training consists of two updates, one
for the forward weights and one for the backward weights.
The forward weights are updated according to the error sig-
nal on J propagated through the network by the backward
weights, as illustrated in Fig. 1. The backward weights are
updated according to gradient descent onR.
∆θf ∝ ∇˜J ∆θb ∝ ∇R
Thus, R is responsible for introducing dynamics on the
backward weights, which in turn impacts the dynamics of
the forward weights. The functional form of R gives rise
to different learning rules and in particular the locality of
a given learning rule depends solely on the locality of the
computations involved inR.
3.1. Regularization Primitives
In this work, the regularization function R is built from
a set of simple primitives P , which at any given layer l
are functions of the forward weight Wl ∈ θf , backward
weight Bl ∈ θb, layer input xl, and layer output xl+1 as de-
picted in Fig. 1. These primitives are biologically motivated
components with strong geometric interpretations, from
which more complex learning rules may be algebraically
constructed.
The primitives we use, displayed in Table 1, can be or-
ganized into two groups: those that involve purely local
operations and those that involve at least one non-local op-
eration. To classify the primitives, we use the criteria for
locality described in Whittington & Bogacz (2017): (1)
Local computation. Computations only involve synaptic
weights acting on their associated inputs. (2) Local plastic-
ity. Weight modifications only depend on pre-synaptic and
post-synaptic activity. A primitive is local if it satisfies both
of these constraints and non-local otherwise.
We introduce three local primitives: Pdecay, Pamp, and
Local Pl ∇Pl
decay 12 ||Bl||2 Bl
amp −tr(xᵀl Blxl+1) −xlxᵀl+1
null 12 ||Blxl+1||2 Blxl+1xᵀl+1
Non-local Pl ∇Pl
sparse 12 ||xᵀl Bl||2 xlxᵀl Bl
self −tr(BlWl) −W ᵀl
Table 1. Regularization primitives. Mathematical expressions
for local and non-local primitives and their gradients with respect
to the backward weight Bl. Note, both xl and xl+1 are the post-
nonlinearity rates of their respective layers.
Pnull. The decay primitive can be understood as a form
of energy efficiency penalizing the Euclidean norm of the
backward weights. The amp primitive promotes alignment
of the layer input xl with the reconstruction Blxl+1. The
null primitive imposes sparsity in the layer-wise activity
through a Euclidean norm penalty on the reconstruction
Blxl+1.
We consider two non-local primitives: P sparse and P self.
The sparse primitive promotes energy efficiency by penaliz-
ing the Euclidean norm of the activation xᵀl Bl. This prim-
itive fails to meet the local computation constraint, as Bl
describes the synaptic connections from the l + 1 layer to
the l layer and therefore cannot operate on the input xl.
The self primitive promotes alignment of the forward and
backward weights by directly promoting their inner product.
This primitive fails the local plasticity constraint, as its
gradient necessitates that the backward weights can exactly
measure the strengths of their forward counterparts.
3.2. Building Learning Rules from Primitives
These simple primitives can be linearly combined to en-
compass existing credit assignment strategies, while also
elucidating natural new approaches.
Feedback alignment (FA) (Lillicrap et al., 2016) corre-
sponds to no regularization,RFA ≡ 0, effectively fixing the
backward weights at their initial random values2.
The weight mirror (WM) (Akrout et al., 2019) update,
∆Bl = ηxlx
ᵀ
l+1 − λWMBl, where η is the learning rate and
λWM is a weight decay constant, corresponds to gradient
descent on the layer-wise regularization function
RWM =
∑
l∈layers
αPampl + βPdecayl ,
for α = 1 and β = λWMη .
2We explore the consequences of this interpretation analytically
in Appendix D.2.
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Table 2. Taxonomy of learning rules based on the locality and
composition of their primitives.
If we consider primitives that are functions of the pseu-
dogradients ∇˜l and ∇˜l+1, then the Kolen-Pollack (KP)
algorithm, originally proposed by Kolen & Pollack (1994)
and modified by Akrout et al. (2019), can be understood in
this framework as well. See Appendix D.3 for more details.
The range of primitives also allows for learning rules not
yet investigated in the literature. In this work, we introduce
several such novel learning rules, including Information
Alignment (IA), Symmetric Alignment (SA), and Activa-
tion Alignment (AA). Each of these strategies is defined by
a layer-wise regularization function composed from a linear
combination of the primitives (Table 2). Information Align-
ment is a purely local rule, but unlike feedback alignment or
weight mirror, contains the additional null primitive. In §4,
we motivate this addition theoretically, and show empirically
that it helps make IA a higher-performing and substantially
more stable learning rule than previous local strategies. SA
and AA are both non-local, but as shown in §5 perform
even more robustly than any local strategy we or others have
found, and may be implementable by a type of plausible
biological mechanism we call “weight estimation.”
3.3. Evaluating Learning Rules
For all the learning rules, we evaluate two desirable target
metrics.
Task Performance. Performance-optimized CNNs on Ima-
geNet provide the most effective quantitative description of
neural responses of cortical neurons throughout the primate
ventral visual pathway (Yamins et al., 2014; Cadena et al.,
2019), indicating the biological relevance of task perfor-
mance. Therefore, our first desired target will be ImageNet
top-1 validation accuracy, in line with Bartunov et al. (2018).
Metaparameter Robustness. Extending the proposal of
Bartunov et al. (2018), we also consider whether a proposed
learning rule’s metaparameters, such as learning rate and
batch size, transfer across architectures. Specifically, when
we optimize for metaparameters on a given architecture (e.g.
ResNet-18), we will fix these metaparameters and use them
to train both deeper (e.g. ResNet-50) and different variants
(e.g. ResNet-v2). Therefore, our second desired target will
be ImageNet top-1 validation accuracy across models for
fixed metaparameters.
4. Local Learning Rules
Instability of Weight Mirror. Akrout et al. (2019) report
that the weight mirror update rule matches the performance
of backpropagation on ImageNet categorization. The pro-
cedure described in Akrout et al. (2019) involves not just
the weight mirror rule, but a number of important addi-
tional training details, including alternating learning modes
and using layer-wise Gaussian input noise. After reimple-
menting this procedure in detail, and using their prescribed
metaparameters for the ResNet-18 architecture, the best top-
1 validation accuracy we were able to obtain was 63.5%
(RWM in Table 3), substantially below the reported perfor-
mance of 69.73%. To try to account for this discrepancy,
we considered the possibility that the metaparameters were
incorrectly set. We thus performed a large-scale metapa-
rameter search over the continuous α, β, and the standard
deviation σ of the Gaussian input noise, jointly optimizing
these parameters for ImageNet validation set performance
using a Bayesian Tree-structured Parzen Estimator (TPE)
(Bergstra et al., 2011). After considering 824 distinct set-
tings (see Appendix B.1 for further details), the optimal
setting achieved a top-1 performance of 64.07% (RTPEWM in
Table 3), still substantially below the reported performance
in Akrout et al. (2019).
Considering the second metric of robustness, we found that
the WM learning rule is very sensitive to metaparameter
tuning. Specifically, when using either the metaparameters
prescribed for ResNet-18 in Akrout et al. (2019) or those
from our metaparameter search, directly attempting to train
other network architectures failed entirely (Fig. 3, brown
line).
Why is weight mirror under-performing backpropagation on
both performance and robustness metrics? Intuition can be
gained by simply considering the functional form ofRWM,
which can become arbitrarily negative even for fixed values
of the forward weights. RWM is a combination of a primitive
which depends on the input (Pamp) and a primitive which
is independent of the input (Pdecay). Because of this, the
primitives of weight mirror and their gradients may operate
at different scales and careful metaparameter tuning must be
done to balance their effects. This instability can be made
precise by considering the dynamical system given by the
symmetrized gradient flow onRWM at a given layer l.
In the following analysis we ignore non-linearities, include
weight decay on the forward weights, set α = β, and con-
sider the gradient with respect to both the forward and back-
ward weights. When the weights, wl and bl, and input,
xl, are all scalar values, the gradient flow gives rise to the
dynamical system
∂
∂t
[
wl
bl
]
= −A
[
wl
bl
]
, (1)
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Figure 2. Unstable dynamics (a-c). Symmetrized gradient flow
on RWM at layer l with scalar weights and xl = 1. The color
and arrow indicate respectively the magnitude and direction of the
flow. Empirical instability (d-f). Weight scatter plots for the first
convolution, an intermediate convolution and the final dense layer
of a ResNet-18 model trained with weight mirror for five epochs.
Each dot represents an element in layer l’s weight matrix and its
(x, y) location corresponds to its forward and backward weight
values, (W (i,j)l , B
(j,i)
l ). The dotted diagonal line shows perfect
weight symmetry, as is the case in backpropagation. Different
layers demonstrate one of the the three dynamics outlined by the
gradient flow analysis in §4: diverging, stable, and collapsing
backward weights.
where A is an indefinite matrix (see Appendix D.1 for de-
tails.) A can be diagonally decomposed by the eigenba-
sis {u, v}, where u spans the symmetric component and v
spans the skew-symmetric component of any realization of
the weight vector
[
wl bl
]ᵀ
. Under this basis, the dynami-
cal system decouples into a system of ODEs governed by
the eigenvalues of A. The eigenvalue associated with the
skew-symmetric eigenvector v is strictly positive, implying
that this component decays exponentially to zero. However,
for the symmetric eigenvector u, the sign of the correspond-
ing eigenvalue depends on the relationship between λWM
and x2l . When λWM > x
2
l , the eigenvalue is positive and
the symmetric component decays to zero (i.e. too much
regularization). When λWM < x2l , the eigenvalue is neg-
ative and the symmetric component exponentially grows
(i.e. too little regularization). Only when λWM = x2l is the
eigenvalue zero and the symmetric component stable. These
various dynamics are shown in Fig. 2.
This analysis suggests that the sensitivity of weight mirror
is not due to the misalignment of the forward and backward
weights, but rather due to the stability of the symmetric
component throughout training. Empirically, we find that
this is true. In Fig. 2, we show a scatter plot of the backward
and forward weights at three layers of a ResNet-18 model
trained with weight mirror. At each layer there exists a
linear relationship between the weights, suggesting that
the backward weights have aligned to the forward weights
up to magnitude. Despite being initialized with similar
magnitudes, at the first layer the backward weights have
grown orders larger, at the last layer the backward weights
have decayed orders smaller, and at only one intermediate
layer were the backward weights comparable to the forward
weights, implying symmetry.
This analysis also clarifies the stabilizing role of Gaussian
noise, which was found to be essential to weight mirror’s
performance gains over feedback alignment (Akrout et al.,
2019). Specifically, when the layer input xl ∼ N
(
0, σ2
)
and σ2 = λWM, then x2l ≈ λWM, implying the dynamical
system in equation (1) is stable.
Strategies for Reducing Instability. Given the above anal-
ysis, can we identify further strategies for reducing instabil-
ity during learning beyond the use of Gaussian noise?
Adaptive Optimization. One option is to use an adaptive
learning rule strategy, such as Adam (Kingma & Ba, 2014).
An adaptive learning rate keeps an exponentially decaying
moving average of past gradients, allowing for more effec-
tive optimization of the alignment regularizer even in the
presence of exploding or vanishing gradients.
Local Stabilizing Operations. A second option to improve
stability is to consider local layer-wise operations to the
backward path such as choice of non-linear activation func-
tions, batch centering, feature centering, and feature nor-
malization. The use of these operations is largely inspired
by Batch Normalization (Ioffe & Szegedy, 2015) and Layer
Normalization (Ba et al., 2016) which have been observed
to stabilize learning dynamics. The primary improvement
that these normalizations allow for is the further condition-
ing of the covariance matrix at each layer’s input, building
on the benefits of using Gaussian noise. In order to keep
the learning rule fully local, we use these normalizations,
which unlike Batch and Layer Normalization, do not add
any additional learnable parameters.
The Information Alignment (IA) Learning Rule. There is a
third option for improving stability that involves modifying
the local learning rule itself.
Without decay, the update given by weight mirror, ∆Bl =
ηxlx
ᵀ
l+1, is Hebbian. This update, like all purely Hebbian
learning rules, is unstable and can result in the norm of Bl
diverging. This can be mitigated by weight decay, as is done
in Akrout et al. (2019). However, an alternative strategy to
dealing with the instability of a Hebbian update was given
by Oja (1982) in his analysis of learning rules for linear
neuron models. In the spirit of that analysis, assume that
we can normalize the backward weight after each Hebbian
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update such that
B
(t+1)
l =
B
(t)
l + ηxlx
ᵀ
l+1
||B(t)l + ηxlxᵀl+1||
,
and in particular ||B(t)l || = 1 at all time t. Then, for small
learning rates η, the right side can be expanded as a power
series in η, such that
B
(t+1)
l = B
(t)
l + η
(
xlx
ᵀ
l+1 −B(t)l xᵀl B(t)l xl+1
)
+O(η2).
Ignoring the O(η2) term gives the non-linear update
∆Bl = η
(
xlx
ᵀ
l+1 −Blxᵀl Blxl+1
)
.
If we assume xᵀl Bl = xl+1 andBl is a column vector rather
than a matrix, then by Table 1, this is approximately the
update given by the null primitive introduced in §3.1.
Thus motivated, we define Information Alignment (IA) as
the local learning rule defined by adding a (weighted) null
primitive to the other two local primitives already present in
the weight mirror rule. That is, the layer-wise regularization
function
RIA =
∑
l∈layers
αPampl + βPdecayl + γPnulll .
In the specific setting when xl+1 = Wlxl and α = γ, then
the gradient ofRIA is proportional to the gradient with re-
spect to Bl of 12 ||xl−BlWlxl||2 + β2
(||Wl||2 + ||Bl||2), a
quadratically regularized linear autoencoder3. As shown in
Kunin et al. (2019), all critical points of a quadratically reg-
ularized linear autoencoder attain symmetry of the encoder
and decoder.
Empirical Results. To evaluate the three strategies for sta-
bilizing local weight updates, we performed a neural archi-
tecture search implementing all three strategies, again using
TPE. This search optimized for Top-1 ImageNet validation
performance with the ResNet-18 architecture, comprising a
total of 628 distinct settings. We found that validation per-
formance increased significantly, with the optimal learning
ruleRTPEIA , attaining 67.93% top-1 accuracy (Table 3). More
importantly, we also found that the parameter robustness
of RTPEIA is dramatically improved as compared to weight
mirror (Fig. 3, orange line), nearly equaling the parameter
robustness of backpropagation across a variety of deeper
architectures. Critically, this improvement was achieved not
by directly optimizing for robustness across architectures,
but simply by finding a parameter setting that achieved high
task performance on one architecture.
3In this setting, the resulting learning rule is a member of the
target propagation framework introduced in §2.
Learning Rule Top-1 Val Accuracy Top-5 Val Accuracy
RWM 63.5% 85.16%
RTPEWM 64.07% 85.47%
RTPEWM+AD 64.40% 85.53%
RTPEWM+AD+OPS 63.41% 84.83%
RTPEIA 67.93% 88.09%
Backprop. 70.06% 89.14%
Table 3. Performance of local learning rules with ResNet-18 on
ImageNet. RWM is weight mirror as described in Akrout et al.
(2019), RTPEWM is weight mirror with learning metaparameters cho-
sen through an optimization procedure. RTPEWM+AD is weight mirror
with an adaptive optimizer. RTPEWM+AD+OPS involves the addition of
stabilizing operations to the network architecture. The best local
learning rule, RTPEIA , additionally involves the null primitive. For
details on metaparameters for each local rule, see Appendix B.1.
To assess the importance of each strategy type in achieving
this result, we also performed several ablation studies, in-
volving neural architecture searches using only various sub-
sets of the stabilization strategies (see Appendix B.1.3 for
details). Using just the adaptive optimizer while otherwise
optimizing the weight mirror metaparameters yielded the
learning ruleRTPEWM+AD, while adding stabilizing layer-wise
operations yielded the learning ruleRTPEWM+AD+OPS (Table 3).
We found that while the top-1 performance of these ablated
learning rules was not better for the ResNet-18 architecture
than the weight-mirror baseline, each of the strategies did
individually contribute significantly to improved parameter
robustness (Fig. 3, red and green lines).
Taken together, these results indicate that the regularization
framework allows the formulation of local learning rules
with substantially improved performance and, especially,
metaparameter robustness characteristics. Moreover, these
improvements are well-motivated by mathematical analy-
sis that indicates how to target better circuit structure via
improved learning stability.
5. Non-Local Learning Rules
While our best local learning rule is substantially improved
as compared to previous alternatives, it still does not quite
match backpropagation, either in terms of performance or
metaparameter stability over widely different architectures
(see the gap between blue and orange lines in Fig. 3). We
next introduce two novel non-local learning rules that en-
tirely eliminate this gap.
Symmetric Alignment (SA) is defined by the layer-wise
regularization function
RSA =
∑
l∈layers
αP selfl + βPdecayl .
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Figure 3. Performance of local and non-local rules across ar-
chitectures. We fixed the categorical and continuous metaparame-
ters for ResNet-18 and applied them directly to deeper and different
ResNet variants (e.g. v2). A performance of 0.001 indicates the
alignment loss became NaN within the first thousand steps of
training. Our local rule Information Alignment (IA) consistently
outperforms the other local alternatives across architectures, de-
spite not being optimized for these architectures. The non-local
rules, Symmetric Alignment (SA) and Activation Alignment (AA),
consistently perform as well as backpropagation.
When α = β, then the gradient of RSA is proportional to
the gradient with respect to Bl of 12 ||Wl − Bᵀl ||2, which
encourages symmetry of the weights.
Activation Alignment (AA) is defined by the layer-wise
regularization function
RAA =
∑
l∈layers
αPampl + βP sparsel .
When xl+1 = Wlxl and α = β, then the gradient ofRAA is
proportional to the gradient with respect to Bl of 12 ||Wlxl−
Bᵀl xl||2, which encourages alignment of the activations.
Both SA and AA give rise to dynamics that encourage the
backward weights to become transposes of their forward
counterparts. When Bl is the transpose of Wl for all layers
l then the updates generated by the backward pass are the
exact gradients of J . It follows intuitively that throughout
training the pseudogradients given by these learning rules
might converge to better approximations of the exact gra-
dients of J , leading to improved learning. Further, in the
context of the analysis in equation (1), the matrix A associ-
ated with SA and AA is positive semi-definite, and unlike
the case of weight mirror, the eigenvalue associated with the
symmetric eigenvector u is zero, implying stability of the
symmetric component.
While weight mirror and Information Alignment introduce
dynamics that implicitly encourage symmetry of the forward
Model Backprop. Symmetric Activation
ResNet-18 70.06% 69.84% 69.98%
ResNet-50 76.05% 76.29% 75.75%
ResNet-50v2 77.21% 77.18% 76.67%
ResNet-101v2 78.64% 78.74% 78.35%
ResNet-152v2 79.31% 79.15% 78.98%
Table 4. Symmetric and Activation Alignment consistently
match backpropagation. Top-1 validation accuracies on Ima-
geNet for each model class and non-local learning rule, compared
to backpropagation.
and backward weights, the dynamics introduced by SA and
AA encourage this property explicitly.
Despite not having the desirable locality property, we show
that SA and AA perform well empirically in the weight-
decoupled regularization framework — meaning that they
do relieve the need for exact weight symmetry. As we will
discuss, this may make it possible to find plausible biophys-
ical mechanisms by which they might be implemented.
Parameter Robustness of Non-Local Learning Rules.
To assess the robustness of SA and AA, we trained ResNet-
18 models with standard 224-sized ImageNet images (train-
ing details can be found in Appendix B.2). Without any
metaparameter tuning, SA and AA were able to match back-
propagation in performance. Importantly, for SA we did
not need to employ any specialized or adaptive learning
schedule involving alternating modes of learning, as was
required for all the local rules. However, for AA we did find
it necessary to use an adaptive optimizer when minimizing
RAA, potentially due to the fact that it appears to align less
exactly than SA (see Fig. S3). We trained deeper ResNet-50,
101, and 152 models (He et al., 2016) with larger 299-sized
ImageNet images. As can be seen in Table 4, both SA and
AA maintain consistent performance with backpropagation
despite changes in image size and increasing depth of net-
work architecture, demonstrating their robustness as a credit
assignment strategies.
Weight Estimation, Neural Plausibility, and Noise Ro-
bustness. Though SA is non-local, it does avoid the need
for instantaneous weight transport — as is shown simply
by the fact that it optimizes effectively in the framework of
decoupled forward-backward weight updates, where align-
ment can only arise over time due to the structure of the
regularization circuit rather than instantaneously by fiat at
each timepoint. Because of this key difference, it may be
possible to find plausible biological implementations for
SA, operating on a principle of iterative “weight estimation”
in place of the implausible idea of instantaneous weight
transport.
By “weight estimation” we mean any process that can mea-
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b1
<latexit sha1_base64="fZQIPaiA3Lc8MLlCoQtRpw60fBU=">AAAB 63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk09k2NMkuSVYopX/BiwdFvPqHvPlvzLZ70NYXAg/vzJCZN0oFN9b3v73S2vrG5lZ 5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJvXH59QG56oBztJMZR0qHjMGbW5FfWDSr9a8+v+XGQVggJqUKjZr371BgnLJ CrLBDWmG/ipDadUW84Eziq9zGBK2ZgOsetQUYkmnM53nZEz5wxInGj3lCVz9/fElEpjJjJynZLakVmu5eZ/tW5m4+twylWaWVRs8VGcCWITkh9O Blwjs2LigDLN3a6EjaimzLp48hCC5ZNXoX1RDxzfX9YaN0UcZTiBUziHAK6gAXfQhBYwGMEzvMKbJ70X7937WLSWvGLmGP7I+/wBHzCNng==</l atexit><latexit sha1_base64="fZQIPaiA3Lc8MLlCoQtRpw60fBU=">AAAB 63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk09k2NMkuSVYopX/BiwdFvPqHvPlvzLZ70NYXAg/vzJCZN0oFN9b3v73S2vrG5lZ 5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJvXH59QG56oBztJMZR0qHjMGbW5FfWDSr9a8+v+XGQVggJqUKjZr371BgnLJ CrLBDWmG/ipDadUW84Eziq9zGBK2ZgOsetQUYkmnM53nZEz5wxInGj3lCVz9/fElEpjJjJynZLakVmu5eZ/tW5m4+twylWaWVRs8VGcCWITkh9O Blwjs2LigDLN3a6EjaimzLp48hCC5ZNXoX1RDxzfX9YaN0UcZTiBUziHAK6gAXfQhBYwGMEzvMKbJ70X7937WLSWvGLmGP7I+/wBHzCNng==</l atexit><latexit sha1_base64="fZQIPaiA3Lc8MLlCoQtRpw60fBU=">AAAB 63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk09k2NMkuSVYopX/BiwdFvPqHvPlvzLZ70NYXAg/vzJCZN0oFN9b3v73S2vrG5lZ 5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJvXH59QG56oBztJMZR0qHjMGbW5FfWDSr9a8+v+XGQVggJqUKjZr371BgnLJ CrLBDWmG/ipDadUW84Eziq9zGBK2ZgOsetQUYkmnM53nZEz5wxInGj3lCVz9/fElEpjJjJynZLakVmu5eZ/tW5m4+twylWaWVRs8VGcCWITkh9O Blwjs2LigDLN3a6EjaimzLp48hCC5ZNXoX1RDxzfX9YaN0UcZTiBUziHAK6gAXfQhBYwGMEzvMKbJ70X7937WLSWvGLmGP7I+/wBHzCNng==</l atexit><latexit sha1_base64="fZQIPaiA3Lc8MLlCoQtRpw60fBU=">AAAB 63icbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCrYW2qVk09k2NMkuSVYopX/BiwdFvPqHvPlvzLZ70NYXAg/vzJCZN0oFN9b3v73S2vrG5lZ 5u7Kzu7d/UD08apsk0wxbLBGJ7kTUoOAKW5ZbgZ1UI5WRwMdofJvXH59QG56oBztJMZR0qHjMGbW5FfWDSr9a8+v+XGQVggJqUKjZr371BgnLJ CrLBDWmG/ipDadUW84Eziq9zGBK2ZgOsetQUYkmnM53nZEz5wxInGj3lCVz9/fElEpjJjJynZLakVmu5eZ/tW5m4+twylWaWVRs8VGcCWITkh9O Blwjs2LigDLN3a6EjaimzLp48hCC5ZNXoX1RDxzfX9YaN0UcZTiBUziHAK6gAXfQhBYwGMEzvMKbJ70X7937WLSWvGLmGP7I+/wBHzCNng==</l atexit>
b2
<latexit sha1_base64="uFuii0/E3wliOYlrasm3GYHBhTQ=">AAAB 63icbZDLSgMxFIbP1Futt6pLN8EiuCozRdBl0Y3LCvYC7VAyaaYNzWVIMkIZ+gpuXCji1hdy59uYaWehrT8EPv5zDjnnjxLOjPX9b6+0sbm1vVP ereztHxweVY9POkalmtA2UVzpXoQN5UzStmWW016iKRYRp91oepfXu09UG6bko50lNBR4LFnMCLa5FQ0blWG15tf9hdA6BAXUoFBrWP0ajBRJB ZWWcGxMP/ATG2ZYW0Y4nVcGqaEJJlM8pn2HEgtqwmyx6xxdOGeEYqXdkxYt3N8TGRbGzETkOgW2E7Nay83/av3UxjdhxmSSWirJ8qM45cgqlB+O RkxTYvnMASaauV0RmWCNiXXx5CEEqyevQ6dRDxw/XNWat0UcZTiDc7iEAK6hCffQgjYQmMAzvMKbJ7wX7937WLaWvGLmFP7I+/wBILWNnw==</l atexit><latexit sha1_base64="uFuii0/E3wliOYlrasm3GYHBhTQ=">AAAB 63icbZDLSgMxFIbP1Futt6pLN8EiuCozRdBl0Y3LCvYC7VAyaaYNzWVIMkIZ+gpuXCji1hdy59uYaWehrT8EPv5zDjnnjxLOjPX9b6+0sbm1vVP ereztHxweVY9POkalmtA2UVzpXoQN5UzStmWW016iKRYRp91oepfXu09UG6bko50lNBR4LFnMCLa5FQ0blWG15tf9hdA6BAXUoFBrWP0ajBRJB ZWWcGxMP/ATG2ZYW0Y4nVcGqaEJJlM8pn2HEgtqwmyx6xxdOGeEYqXdkxYt3N8TGRbGzETkOgW2E7Nay83/av3UxjdhxmSSWirJ8qM45cgqlB+O RkxTYvnMASaauV0RmWCNiXXx5CEEqyevQ6dRDxw/XNWat0UcZTiDc7iEAK6hCffQgjYQmMAzvMKbJ7wX7937WLaWvGLmFP7I+/wBILWNnw==</l atexit><latexit sha1_base64="uFuii0/E3wliOYlrasm3GYHBhTQ=">AAAB 63icbZDLSgMxFIbP1Futt6pLN8EiuCozRdBl0Y3LCvYC7VAyaaYNzWVIMkIZ+gpuXCji1hdy59uYaWehrT8EPv5zDjnnjxLOjPX9b6+0sbm1vVP ereztHxweVY9POkalmtA2UVzpXoQN5UzStmWW016iKRYRp91oepfXu09UG6bko50lNBR4LFnMCLa5FQ0blWG15tf9hdA6BAXUoFBrWP0ajBRJB ZWWcGxMP/ATG2ZYW0Y4nVcGqaEJJlM8pn2HEgtqwmyx6xxdOGeEYqXdkxYt3N8TGRbGzETkOgW2E7Nay83/av3UxjdhxmSSWirJ8qM45cgqlB+O RkxTYvnMASaauV0RmWCNiXXx5CEEqyevQ6dRDxw/XNWat0UcZTiDc7iEAK6hCffQgjYQmMAzvMKbJ7wX7937WLaWvGLmFP7I+/wBILWNnw==</l atexit><latexit sha1_base64="uFuii0/E3wliOYlrasm3GYHBhTQ=">AAAB 63icbZDLSgMxFIbP1Futt6pLN8EiuCozRdBl0Y3LCvYC7VAyaaYNzWVIMkIZ+gpuXCji1hdy59uYaWehrT8EPv5zDjnnjxLOjPX9b6+0sbm1vVP ereztHxweVY9POkalmtA2UVzpXoQN5UzStmWW016iKRYRp91oepfXu09UG6bko50lNBR4LFnMCLa5FQ0blWG15tf9hdA6BAXUoFBrWP0ajBRJB ZWWcGxMP/ATG2ZYW0Y4nVcGqaEJJlM8pn2HEgtqwmyx6xxdOGeEYqXdkxYt3N8TGRbGzETkOgW2E7Nay83/av3UxjdhxmSSWirJ8qM45cgqlB+O RkxTYvnMASaauV0RmWCNiXXx5CEEqyevQ6dRDxw/XNWat0UcZTiDc7iEAK6hCffQgjYQmMAzvMKbJ7wX7937WLaWvGLmFP7I+/wBILWNnw==</l atexit>
r˜l
<latexit sha1_base64 ="AOYZ8M9OLKsm/N2JUsNZz0NYCEk=">AAAB+Xic bZBNS8NAEIYn9avWr6hHL8EieCqJCHosevFYwX5A E8JmM22XbjZhd1Moof/EiwdFvPpPvPlv3LY5aOsL Cw/vzDCzb5RxprTrfluVjc2t7Z3qbm1v/+DwyD4+ 6ag0lxTbNOWp7EVEIWcC25ppjr1MIkkijt1ofD+v dycoFUvFk55mGCRkKNiAUaKNFdq2rxmPsfAFiTiZ hTy0627DXchZB6+EOpRqhfaXH6c0T1BoyolSfc/ NdFAQqRnlOKv5ucKM0DEZYt+gIAmqoFhcPnMujBM 7g1SaJ7SzcH9PFCRRappEpjMheqRWa3Pzv1o/14P boGAiyzUKulw0yLmjU2cegxMziVTzqQFCJTO3OnR EJKHahFUzIXirX16HzlXDM/x4XW/elXFU4QzO4RI 8uIEmPEAL2kBhAs/wCm9WYb1Y79bHsrVilTOn8Ef W5w/urZPW</latexit><latexit sha1_base64 ="AOYZ8M9OLKsm/N2JUsNZz0NYCEk=">AAAB+Xic bZBNS8NAEIYn9avWr6hHL8EieCqJCHosevFYwX5A E8JmM22XbjZhd1Moof/EiwdFvPpPvPlv3LY5aOsL Cw/vzDCzb5RxprTrfluVjc2t7Z3qbm1v/+DwyD4+ 6ag0lxTbNOWp7EVEIWcC25ppjr1MIkkijt1ofD+v dycoFUvFk55mGCRkKNiAUaKNFdq2rxmPsfAFiTiZ hTy0627DXchZB6+EOpRqhfaXH6c0T1BoyolSfc/ NdFAQqRnlOKv5ucKM0DEZYt+gIAmqoFhcPnMujBM 7g1SaJ7SzcH9PFCRRappEpjMheqRWa3Pzv1o/14P boGAiyzUKulw0yLmjU2cegxMziVTzqQFCJTO3OnR EJKHahFUzIXirX16HzlXDM/x4XW/elXFU4QzO4RI 8uIEmPEAL2kBhAs/wCm9WYb1Y79bHsrVilTOn8Ef W5w/urZPW</latexit><latexit sha1_base64 ="AOYZ8M9OLKsm/N2JUsNZz0NYCEk=">AAAB+Xic bZBNS8NAEIYn9avWr6hHL8EieCqJCHosevFYwX5A E8JmM22XbjZhd1Moof/EiwdFvPpPvPlv3LY5aOsL Cw/vzDCzb5RxprTrfluVjc2t7Z3qbm1v/+DwyD4+ 6ag0lxTbNOWp7EVEIWcC25ppjr1MIkkijt1ofD+v dycoFUvFk55mGCRkKNiAUaKNFdq2rxmPsfAFiTiZ hTy0627DXchZB6+EOpRqhfaXH6c0T1BoyolSfc/ NdFAQqRnlOKv5ucKM0DEZYt+gIAmqoFhcPnMujBM 7g1SaJ7SzcH9PFCRRappEpjMheqRWa3Pzv1o/14P boGAiyzUKulw0yLmjU2cegxMziVTzqQFCJTO3OnR EJKHahFUzIXirX16HzlXDM/x4XW/elXFU4QzO4RI 8uIEmPEAL2kBhAs/wCm9WYb1Y79bHsrVilTOn8Ef W5w/urZPW</latexit><latexit sha1_base64 ="AOYZ8M9OLKsm/N2JUsNZz0NYCEk=">AAAB+Xic bZBNS8NAEIYn9avWr6hHL8EieCqJCHosevFYwX5A E8JmM22XbjZhd1Moof/EiwdFvPpPvPlv3LY5aOsL Cw/vzDCzb5RxprTrfluVjc2t7Z3qbm1v/+DwyD4+ 6ag0lxTbNOWp7EVEIWcC25ppjr1MIkkijt1ofD+v dycoFUvFk55mGCRkKNiAUaKNFdq2rxmPsfAFiTiZ hTy0627DXchZB6+EOpRqhfaXH6c0T1BoyolSfc/ NdFAQqRnlOKv5ucKM0DEZYt+gIAmqoFhcPnMujBM 7g1SaJ7SzcH9PFCRRappEpjMheqRWa3Pzv1o/14P boGAiyzUKulw0yLmjU2cegxMziVTzqQFCJTO3OnR EJKHahFUzIXirX16HzlXDM/x4XW/elXFU4QzO4RI 8uIEmPEAL2kBhAs/wCm9WYb1Y79bHsrVilTOn8Ef W5w/urZPW</latexit>
r˜l
<latexit sha1_base64="AOYZ8M9OLKsm/N2JUs NZz0NYCEk=">AAAB+XicbZBNS8NAEIYn9avWr6hHL8EieCqJCHosevFYwX5AE8JmM22XbjZhd1Moof/E iwdFvPpPvPlv3LY5aOsLCw/vzDCzb5RxprTrfluVjc2t7Z3qbm1v/+DwyD4+6ag0lxTbNOWp7EVEIWcC 25ppjr1MIkkijt1ofD+vdycoFUvFk55mGCRkKNiAUaKNFdq2rxmPsfAFiTiZhTy0627DXchZB6+EOpR qhfaXH6c0T1BoyolSfc/NdFAQqRnlOKv5ucKM0DEZYt+gIAmqoFhcPnMujBM7g1SaJ7SzcH9PFCRRapp EpjMheqRWa3Pzv1o/14PboGAiyzUKulw0yLmjU2cegxMziVTzqQFCJTO3OnREJKHahFUzIXirX16HzlX DM/x4XW/elXFU4QzO4RI8uIEmPEAL2kBhAs/wCm9WYb1Y79bHsrVilTOn8EfW5w/urZPW</latexit><latexit sha1_base64="AOYZ8M9OLKsm/N2JUs NZz0NYCEk=">AAAB+XicbZBNS8NAEIYn9avWr6hHL8EieCqJCHosevFYwX5AE8JmM22XbjZhd1Moof/E iwdFvPpPvPlv3LY5aOsLCw/vzDCzb5RxprTrfluVjc2t7Z3qbm1v/+DwyD4+6ag0lxTbNOWp7EVEIWcC 25ppjr1MIkkijt1ofD+vdycoFUvFk55mGCRkKNiAUaKNFdq2rxmPsfAFiTiZhTy0627DXchZB6+EOpR qhfaXH6c0T1BoyolSfc/NdFAQqRnlOKv5ucKM0DEZYt+gIAmqoFhcPnMujBM7g1SaJ7SzcH9PFCRRapp EpjMheqRWa3Pzv1o/14PboGAiyzUKulw0yLmjU2cegxMziVTzqQFCJTO3OnREJKHahFUzIXirX16HzlX DM/x4XW/elXFU4QzO4RI8uIEmPEAL2kBhAs/wCm9WYb1Y79bHsrVilTOn8EfW5w/urZPW</latexit><latexit sha1_base64="AOYZ8M9OLKsm/N2JUs NZz0NYCEk=">AAAB+XicbZBNS8NAEIYn9avWr6hHL8EieCqJCHosevFYwX5AE8JmM22XbjZhd1Moof/E iwdFvPpPvPlv3LY5aOsLCw/vzDCzb5RxprTrfluVjc2t7Z3qbm1v/+DwyD4+6ag0lxTbNOWp7EVEIWcC 25ppjr1MIkkijt1ofD+vdycoFUvFk55mGCRkKNiAUaKNFdq2rxmPsfAFiTiZhTy0627DXchZB6+EOpR qhfaXH6c0T1BoyolSfc/NdFAQqRnlOKv5ucKM0DEZYt+gIAmqoFhcPnMujBM7g1SaJ7SzcH9PFCRRapp EpjMheqRWa3Pzv1o/14PboGAiyzUKulw0yLmjU2cegxMziVTzqQFCJTO3OnREJKHahFUzIXirX16HzlX DM/x4XW/elXFU4QzO4RI8uIEmPEAL2kBhAs/wCm9WYb1Y79bHsrVilTOn8EfW5w/urZPW</latexit><latexit sha1_base64="AOYZ8M9OLKsm/N2JUs NZz0NYCEk=">AAAB+XicbZBNS8NAEIYn9avWr6hHL8EieCqJCHosevFYwX5AE8JmM22XbjZhd1Moof/E iwdFvPpPvPlv3LY5aOsLCw/vzDCzb5RxprTrfluVjc2t7Z3qbm1v/+DwyD4+6ag0lxTbNOWp7EVEIWcC 25ppjr1MIkkijt1ofD+vdycoFUvFk55mGCRkKNiAUaKNFdq2rxmPsfAFiTiZhTy0627DXchZB6+EOpR qhfaXH6c0T1BoyolSfc/NdFAQqRnlOKv5ucKM0DEZYt+gIAmqoFhcPnMujBM7g1SaJ7SzcH9PFCRRapp EpjMheqRWa3Pzv1o/14PboGAiyzUKulw0yLmjU2cegxMziVTzqQFCJTO3OnREJKHahFUzIXirX16HzlX DM/x4XW/elXFU4QzO4RI8uIEmPEAL2kBhAs/wCm9WYb1Y79bHsrVilTOn8EfW5w/urZPW</latexit>
+
<latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohe PLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz 02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9F acPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohe PLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz 02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9F acPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohe PLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz 02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9F acPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tFEISSiKDHohe PLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/XLFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz 02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbgLZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9F acPKZY/gj5/MHcYeMrw==</latexit> 1<latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6Hicb ZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSV vHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmF A2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6 qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6Hicb ZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSV vHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmF A2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6 qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6Hicb ZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSV vHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmF A2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6 qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms=">AAAB6Hicb ZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSV vHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQWQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmF A2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6 qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit>
xl
<latexit sha1_base64="PdveZO2PGRv1x3 a+9NbuLIMU3Yc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7a ZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//o Hx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6 f+rJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz +brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZnd TQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAo MhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2Uejds=</latexit><latexit sha1_base64="PdveZO2PGRv1x3 a+9NbuLIMU3Yc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7a ZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//o Hx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6 f+rJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz +brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZnd TQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAo MhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2Uejds=</latexit><latexit sha1_base64="PdveZO2PGRv1x3 a+9NbuLIMU3Yc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7a ZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//o Hx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6 f+rJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz +brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZnd TQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAo MhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2Uejds=</latexit><latexit sha1_base64="PdveZO2PGRv1x3 a+9NbuLIMU3Yc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7a ZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//o Hx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6 f+rJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7xrUdGIGz +brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPFRmEqCMZnd TQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BBDepwCw1oAo MhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2Uejds=</latexit>
+
<latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF EISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/X LFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbg LZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF EISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/X LFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbg LZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF EISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/X LFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbg LZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit><latexit sha1_base64="+YVVPMe+Gc1BVoW652FTCqLEcpA=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF EISSiKDHohePLdgPaEPZbCft2s0m7G6EEvoLvHhQxKs/yZv/xm2bg7a+sPDwzgw78waJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4phk8UiVp2AahRcYtNwI7CTKKRRILAdjO9m9fYTKs1j+WAmCfoRHUoeckaNtRoX/X LFrbpzkVXwcqhArnq//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErkVJI9R+Nl90Ss6sMyBhrOyThszd3xMZjbSeRIHtjKgZ6eXazPyv1k1NeONnXCapQckWH4WpICYms6vJgCtkRkwsUKa43ZWwEVWUGZtNyYbg LZ+8Cq3Lqme5cVWp3eZxFOEETuEcPLiGGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gj5/MHcYeMrw==</latexit> 1<latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms="> AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuD au++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQ WQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf 9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/w Cm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms="> AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuD au++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQ WQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf 9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/w Cm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms="> AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuD au++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQ WQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf 9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/w Cm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit><latexit sha1_base64="qp47xzdgavbzDAujuQrfWObrWms="> AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjC/YD2lA220m7drMJuxuhhP4CLx4U8epP8ua/cdvmoK0vLDy8M8POvEEiuD au++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7t5vfOESvNYPphpgn5ER5KHnFFjraY3KFfcqrsQ WQcvhwrkagzKX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWZQ0Qu1ni0Vn5MI6QxLGyj5pyML9PZHRSOtpFNjOiJqxXq3Nzf 9qvdSEN37GZZIalGz5UZgKYmIyv5oMuUJmxNQCZYrbXQkbU0WZsdmUbAje6snr0L6qepab15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/w Cm/Oo/PivDsfy9aCk8+cwh85nz96n4y1</latexit>xl
<latexit sha1_base64="PdveZO2PGRv1x 3a+9NbuLIMU3Yc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib 7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd 2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFI yite6f+rJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7 xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPF RmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BB DepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2Uejds=</latexit><latexit sha1_base64="PdveZO2PGRv1x 3a+9NbuLIMU3Yc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib 7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd 2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFI yite6f+rJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7 xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPF RmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BB DepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2Uejds=</latexit><latexit sha1_base64="PdveZO2PGRv1x 3a+9NbuLIMU3Yc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib 7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd 2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFI yite6f+rJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7 xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPF RmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BB DepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2Uejds=</latexit><latexit sha1_base64="PdveZO2PGRv1x 3a+9NbuLIMU3Yc=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib 7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd 2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFI yite6f+rJfrrhVdy6yCl4OFcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5NNSLzU8oWxMh7 xrUdGIGz+brzolZ9YZkDDW9ikkc/f3REYjYyZRYDsjiiOzXJuZ/9W6KYZXfiZUkiJXbPF RmEqCMZndTQZCc4ZyYoEyLeyuhI2opgxtOiUbgrd88iq0Lqqe5bvLSv06j6MIJ3AK5+BB DepwCw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hj5zPH2Uejds=</latexit>
(a) Neural Circuit Diagram
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(b) Regression Discontinuity Design
Figure 4. Weight estimation. (a) The notational diagram, as
shown in Fig. 1, is mapped into a neural circuit. The top and
bottom circuits represent the forward and backward paths respec-
tively. Large circles represent the soma of a neuron, thick edges
the axon, small circles the axon terminal, and thin edges the den-
drites. Dendrites corresponding to the lateral pathways between
the circuits are omitted. (b) A mechanism such as regression dis-
continuity design, as explained by Lansdell & Kording (2019)
and Guerguiev et al. (2019), could be used independently at each
neuron to do weight estimation by quantifying the causal effect of
xl on xl+1.
sure changes in post-synaptic activity relative to varying
synaptic input, thereby providing a temporal estimate of the
synaptic strengths. Prior work has shown how noisy pertur-
bations in the presence of spiking discontinuities (Lansdell
& Kording, 2019) could provide neural mechanisms for
weight estimation, as depicted in Fig. 4. In particular, Guer-
guiev et al. (2019) present a spiking-level mechanism for
estimating forward weights from noisy dendritic measure-
ments of the implied effect of those weights on activation
changes. This idea, borrowed from the econometrics litera-
ture, is known as regression discontinuity design (Imbens
& Lemieux, 2008). This is essentially a form of iterative
weight estimation, and is used in Guerguiev et al. (2019)
for minimizing a term that is mathematically equivalent to
P self. Guerguiev et al. (2019) demonstrate that this weight
estimation mechanism works empirically for small-scale
networks.
Our performance and robustness results above for SA can
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Figure 5. Symmetric Alignment is more robust to noisy up-
dates than backpropagation. (a) Symmetric Alignment is more
robust than backpropagation to increasing levels of Gaussian noise
added to its updates for ResNet-18. (b) Symmetric Alignment
maintains this robustness for deeper models. See Appendix B.3 for
more details and similar experiments with Activation Alignment.
be interpreted as providing evidence that a rate-coded ver-
sion of weight estimation scales effectively to training deep
networks on large-scale tasks. However, there remains a
gap between what we have shown at the rate-code level
and the spike level, at which the weight estimation mecha-
nism operates. Truly showing that weight estimation could
work at scale would involve being able to train deep spiking
neural networks, an unsolved problem that is beyond the
scope of this work. One key difference between any weight
estimation process at the rate-code and spike levels is that
the latter will be inherently noisier due to statistical fluctua-
tions in whatever local measurement process is invoked —
e.g. in the Guerguiev et al. (2019) mechanism, the noise in
computing the regression discontinuity.
As a proxy to better determine if our conclusions about the
scalable robustness of rate-coded SA are likely to apply
to spiking-level equivalents, we model this uncertainty by
adding Gaussian noise to the backward updates during learn-
ing. To the extent that rate-coded SA is robust to such noise,
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Figure 6. Neural fits to temporally-averaged V4 and IT re-
sponses. Neural fits to V4 (top) and IT (bottom) time-averaged
responses (Majaj et al., 2015), using a 25 component PLS mapping
on a ResNet-18. The median (across neurons) Pearson correlation
over images, with standard error of mean (across neurons) denot-
ing the error bars. “Random” refers to a ResNet-18 architecture at
initialization. For details, see Appendix B.5.
the more likely it is that a spiking-based implementation
will have the performance and parameter robustness charac-
teristics of the rate-coded version. Specifically, we modify
the update rule as follows:
∆θb ∝ ∇R+N (0, σ2), ∆θf ∝ ∇˜J .
As shown in Fig. 5, the performance of SA is very robust
to noisy updates for training ResNet-18. In fact, for com-
parison we also train backpropagation with Gaussian noise
added to its gradients, ∆θ ∝ ∇J + N (0, σ2), and find
that SA is substantially more robust than backpropagation.
For deeper models, SA maintains this robustness, imply-
ing that pseudogradients generated by backward weights
with noisy updates leads to more robust learning than using
equivalently noisy gradients directly.
6. Discussion
In this work, we present a unifying framework that allows
for the systematic identification of robust and scalable al-
ternatives to backpropagation. We obtain, through large-
scale searches, a local learning rule that transfers more
robustly across architectures than previous local alternatives.
Nonetheless, a performance and robustness gap persists
with backpropagation. We formulate non-local learning
rules that achieve competitive performance with backpropa-
gation, requiring almost no metaparameter tuning and are
robust to noisy updates. Taken together, our findings suggest
that there are two routes towards the discovery of robust,
scalable, and neurally plausible credit assignment without
weight symmetry.
The first route involves further improving local rules. We
found that the local operations and regularization primitives
that allow for improved approximation of non-local rules
perform better and are much more stable. If the analyses
that inspired this improvement could be refined, perhaps
further stability could be obtained. To aid in this exploration
going forward, we have written an open-source TensorFlow
library4, allowing others to train arbitrary network architec-
tures and learning rules at scale, distributed across multiple
GPU or TPU workers. The second route involves the further
refinement and characterization of scalable biological imple-
mentations of weight estimation mechanisms for Symmetric
or Activation Alignment, as Guerguiev et al. (2019) initiate.
Given these two routes towards neurally-plausible credit
assignment without weight symmetry, how would we use
neuroscience data to adjudicate between them? It would be
convenient if functional response data in a “fully trained”
adult animal showed a signature of the underlying learning
rule, without having to directly measure synaptic weights
during learning. Such data have been very effective in
identifying good models of the primate ventral visual path-
way (Majaj et al., 2015; Yamins et al., 2014). As an initial
investigation of this idea, we compared the activation pat-
terns generated by networks trained with each local and
non-local learning rule explored here, to neural response
data from several macaque visual cortical areas, using a
regression procedure similar to that in Yamins et al. (2014).
As shown in Fig. 6, we found that, with the exception of
the very poorly performing feedback alignment rule, all the
reasonably effective learning rules achieve similar V4 and
IT neural response predictivity, and in fact match that of
the network learned via backpropagation. Such a result sug-
gests the interesting possibility that the functional response
signatures in an already well-learned neural representation
may be relatively independent of which learning rule created
them. Perhaps unsurprisingly, the question of identifying
the operation of learning rules in an in vivo neural circuit
will likely require the deployment of more sophisticated
neuroscience techniques.
4https://github.com/neuroailab/neural-
alignment
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A. Code base
In this section we describe our implementation and highlight
the technical details that allow its generality for use in any
architecture. We used TensorFlow version 1.13.1 to conduct
all experiments, and adhered to its interface. All code can
be found at https://github.com/neuroailab/
neural-alignment.
A.1. Layers
The essential idea of our code base is that by implement-
ing custom layers that match the TensorFlow API, but use
custom operations for matrix multiplication (matmul) and
two-dimensional convolutions (conv2d), then we can ef-
ficiently implement arbitrary feedforward networks using
any credit assignment strategies with untied forward and
backward weights. Our custom matmul and conv2d op-
erations take in a forward and backward kernel. They use
the forward kernel for the forward pass, but use the back-
ward kernel when propagating the gradient. To implement
this, we leverage the @tf.custom gradient decorator,
which allows us to explicitly define the forward and back-
ward passes for that op. Our Layer objects implement
custom dense and convolutional layers which use the cus-
tom operations described above. Both layers take in the
same arguments as the native TensorFlow layers and an
additional argument for the learning rule.
A.2. Alignments
A learning rule is defined by the form of the layer-wise
regularization R added to the model at each layer. The
custom layers take an instance of an alignment class which
when called will define its alignment specific regularization
and add it to the computational graph.
The learning rule are specializations of a parent
Alignment object which implements a call method
that creates the regularization function. The regularization
function uses tensors that prevent the gradients from flowing
to previous layers via tf.stop gradient, keeping the
alignment loss localized to a single layer. Implementation
of the call method is delegated to subclasses, such that
they can define their alignment specific regularization as a
weighted sum of primitives, each of which is defined as a
function.
A.3. Optimizers
The total network loss is defined as the sum of the global
cost function J and the local alignment regularization R.
The optimizer class provides a framework for specifying
how to optimize each part of the total network loss as a
function of the global step.
In the Optimizers folder you will find two important
files:
• rate scheduler.py defines a scheduler which is
a function of the global step, that allows you to adapt
the components of the alignment weighting based on
where it is in training. If you do not pass in a scheduling
function, it will by default return a constant rate.
• optimizers.py provides a class which takes in a
list of optimizers, as well as a list of losses to optimize.
Each loss element is optimized with the corresponding
optimizer at each step in training, allowing you to
have potentially different learning rate schedules for
different components of the loss. Minibatching is also
supported.
B. Experimental Details
In what follows we describe the metaparameters we used
to run each of the experiments reported above, tabulated in
Table 5. Any defaults from TensorFlow correspond to those
in version 1.13.1.
B.1. TPE search spaces
We detail the search spaces for each of the searches per-
formed in §4. For each search, we trained approximately
60 distinct settings at a time using the HyperOpt package
(Bergstra et al., 2011) using the ResNet-18 architecture and
L2 weight decay of λ = 10−4 (He et al., 2016) for 45
epochs, corresponding to the point in training midway be-
tween the first and second learning rate drops. Each model
was trained on its own Tensor Processing Unit (TPUv2-8
and TPUv3-8).
We employed a form of Bayesian optimization, a Tree-
structured Parzen Estimator (TPE), to search the space of
continuous and categorical metaparameters (Bergstra et al.,
2011). This algorithm constructs a generative model of
P [score | configuration] by updating a prior from a main-
tained history H of metaparameter configuration-loss pairs.
The fitness function that is optimized over models is the
expected improvement, where a given configuration c is
meant to optimize EI(c) =
∫
x<t
P [x | c,H]. This choice
of Bayesian optimization algorithm models P [c | x] via a
Gaussian mixture, and restricts us to tree-structured config-
uration spaces.
B.1.1. RTPEWM SEARCH SPACE
Below is a description of the metaparameters and their
ranges for the search that gave rise toRTPEWM in Table 3.
• Gaussian input noise standard deviation σ ∈ [10−10, 1]
used in the backward pass, sampled uniformly.
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RTPEWM RTPEWM+AD RTPEWM+AD+OPS RTPEIA
Alternating Minimization True True True True
Delay Epochs (de) 2 0 0 1
Train Batch Size (|B|) 2048 256 256 256
SGDM Learning Rate 1.0 0.125 0.125 0.125
Alignment Optimizer Vanilla GD Adam Adam Adam
Alignment Learning Rate (η) 1.0 0.0053 0.0025 0.0098
σ 0.6905 0.9500 0.6402 0.8176
α/β 15.6607 13.9040 0.1344 129.1123
β 0.0283 2.8109× 10−8 232.7856 7.9990
γ N/A N/A N/A 3.1610× 10−6
Forward Path Output (FO) Bias True True True True
FO ReLU True True True True
FO BWMC True True True True
FO FWMC False False True True
FO FWL2N False False False False
Backward Path Output (BO) Bias False False False True
BO ReLU False False True False
BO FWMC False False False True
BO FWL2N False False True True
Backward Path Input (BI) BWMC True True True False
BI FWMC False False False False
BI FWL2N False False False False
Table 5. Metaparameter settings (rows) for each of the learning rules obtained by large-scale searches (columns). Continuous values were
rounded up to 4 decimal places.
• Ratio between the weighting of Pamp and Pdecay given
by α/β ∈ [0.1, 200], sampled uniformly.
• The weighting of Pdecay given by β ∈ [10−11, 107],
sampled log-uniformly.
We fix all other metaparameters as prescribed by Akrout
et al. (2019), namely batch centering the backward path
inputs and forward path outputs in the backward pass, as
well as applying a ReLU activation function and bias to the
forward path but not to the backward path in the backward
pass. To keep the learning rule fully local, we do not allow
for any transport during the mirroring phase of the batch
normalization mean and standard deviation as Akrout et al.
(2019) allow.
B.1.2. RTPEWM+AD SEARCH SPACE
Below is a description of the metaparameters and their
ranges for the search that gave rise toRTPEWM+AD in Table 3.
• Train batch size |B| ∈ {256, 1024, 2048, 4096}. This
choice also determines the forward path Nesterov mo-
mentum learning rate on the pseudogradient of the
categorization objective J , as it is set to be |B|/2048,
and linearly warm it up to this value for 6 epochs fol-
lowed by 90% decay at 30, 60, and 80 epochs, training
for 100 epochs total, as prescribed by Buchlovsky et al.
(2019).
• Alignment learning rate η ∈ [10−6, 10−2], sampled
log-uniformly. This parameter sets the adaptive learn-
ing rate on the Adam optimizer applied to the gradient
of the alignment loss R, and which will be dropped
synchronously by 90% decay at 30, 60, and 80 epochs
along with the Nesterov momentum learning rate on
the pseudogradient of the categorization objective J .
• Number of delay epochs de ∈ {0, 1, 2} for which we
delay optimization of the categorization objective J
and solely optimize the alignment loss R. If de > 0,
we use the alignment learning rate η during this delay
period and the learning rate drops are shifted by de
epochs; otherwise, if de = 0, we linearly warmup η
for 6 epochs as well.
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• Whether or not to perform alternating minimization of
J andR each step, or instead simultaneously optimize
these objectives in a single training step.
The remaining metaparameters and their ranges were the
same as those from Appendix B.1.1.
We fix the layer-wise operations as prescribed by Akrout
et al. (2019), namely batch centering the backward path
input and forward path outputs in the backward pass (BI
BWMC and FO BWMC, respectively), as well as apply-
ing a ReLU activation function and bias to the forward path
(FO ReLU and FO Bias, respectively) but not to the back-
ward path in the backward pass (BO ReLU and BO Bias,
respectively).
B.1.3. RTPEWM+AD+OPS SEARCH SPACE
Below is a description of the metaparameters and their
ranges for the search that gave rise toRTPEWM+AD+OPS in Ta-
ble 3. In this search, we expand the search space described
in Appendix B.1.2 to include boolean choices over layer-
wise operations performed in the backward pass, involving
either the inputs, the forward path fl (involving only the
forward weights Wl), or the backward path bl (involving
only the backward weights Bl):
Use of biases in the forward and backward paths:
• FO Bias: Whether or not to use biases in the forward
path.
• BO Bias: Whether or not to use biases in the backward
path.
Use of nonlinearities in the forward and backward paths:
• FO ReLU: Whether or not to apply a ReLU to the
forward path output.
• BO ReLU: Whether or not to apply a ReLU to the
backward path output.
Centering and normalization operations in the forward and
backward paths:
• FO BWMC: Whether or not to mean center (across the
batch dimension) the forward path output fl = fl − f¯l.
• BI BWMC: Whether or not to mean center (across the
batch dimension) the backward path input.
• FO FWMC: Whether or not to mean center (across
the feature dimension) the forward path output fl =
fl − fˆl.
• BO FWMC: Whether or not to mean center (across
the feature dimension) the backward path output bl =
bl − bˆl.
• FO FWL2N: Whether or not to L2 normalize (across
the feature dimension) the forward path output fl =
(fl − fˆl)/||fl − fˆl||2.
• BO FWL2N: Whether or not to L2 normalize (across
the feature dimension) the backward path output bl =
(bl − bˆl)/||bl − bˆl||2.
Centering and normalization operations applied to the inputs
to the backward pass:
• BI FWMC: Whether or not to mean center (across
the feature dimension) the backward pass input xl =
xl − xˆl.
• BI FWL2N: Whether or not to L2 normalize (across
the feature dimension) the backward pass input xl =
(xl − xˆl)/||xl − xˆl||2.
The remaining metaparameters and their ranges were the
same as those from Appendix B.1.2.
B.1.4. RTPEIA SEARCH SPACE
Below is a description of the metaparameters and their
ranges for the search that gave rise to RTPEIA in Table 3.
In this search, we expand the search space described in Ap-
pendix B.1.3, to now include the additional Pnull primitive.
• The weighting of Pnull given by γ ∈ [10−11, 107], sam-
pled log-uniformly.
The remaining metaparameters and their ranges were the
same as those from Appendix B.1.3.
B.2. Symmetric and Activation Alignment
metaparameters
We now describe the metaparameters used to generate Ta-
ble 4. We used a batch size of 256, forward path Nesterov
with Momentum of 0.9 and a learning rate of 0.1 applied
to the categorization objective J , warmed up linearly for 5
epochs, with learning rate drops at 30, 60, and 80 epochs,
trained for a total of 90 epochs, as prescribed by He et al.
(2016).
For Symmetric and Activation Alignment (RSA andRAA),
we used Adam on the alignment loss R with a learning
rate of 0.001, along with the following weightings for their
primitives:
• Symmetric Alignment: α = 10−3, β = 2× 10−3
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Figure S1. Noisy updates. Symmetric Alignment, Activation
Alignment, and Kolen-Pollack are more robust to noisy updates
than backpropagation for ResNet-18.
• Activation Alignment: α = 10−3, β = 2× 10−3
We use biases in both the forward and backward paths of
the backward pass, but do not employ a ReLU nonlinearity
to either path.
B.3. Noisy updates
We describe the experimental setup and metaparameters
used in §5 to generate Fig. 5.
Fig. 5a was generated by running 10 trials for each experi-
ment configuration. The error bars show the standard error
of the mean across trials.
For backpropagation we used a momentum optimizer with
an initial learning rate of 0.1, standard batch size of 256,
and learning rate drops at 30 and 60 epochs.
For Symmetric and Activation Alignment we used the same
metaparameters as backpropagation for the categorization
objective J and an Adam optimizer with an initial learning
rate of 0.001 and learning rate drops at 30 and 60 epochs
for the alignment loss R. All other metaparameters were
the same as described in Appendix B.2.
In all experiments we added the noise to the update given by
the respective optimizers and scaled by the current learning
rate, that way at learning rate drops the noise scaled appro-
priately. To account for the fact that the initial learning rate
for the backpopagation experiments was 0.1, while for sym-
metric and activation experiments it was 0.001, we shifted
the latter two curves by 104 to account for the effective
difference in variance. See Fig. S1.
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Figure S2. Analysis of important categorical metaparameters
of top performing local rule RTPEIA . Mean across models, and the
error bars indicate SEM across models.
B.4. Metaparameter importance quantification
We include here the set of discrete metaparameters that
mattered the most across hundreds of models in our large-
scale search, sorted by most to least important, plotted in
Fig. S2. Specifically, these amount to choices of activation,
layer-wise normalization, input normalization, and Gaussian
noise in the forward and backward paths of the backward
pass. The detailed labeling is given as follows: A: Whether
or not to L2 normalize (across the feature dimension) the
backward path outputs in the backward pass. B: Whether to
use Gaussian noise in the backward pass inputs. C: Whether
to solely optimize the alignment loss in the first 1-2 epochs
of training. D, E: Whether or not to apply a non-linearity
in the backward or forward path outputs in the backward
pass, respectively. F: Whether or not to apply a bias in the
forward path outputs (pre-nonlinearity). G, H: Whether
or not to mean center or L2 normalize (across the feature
dimension) the inputs to the backward pass. I: Same as
A, but instead applied to the forward path outputs in the
backward pass.
B.5. Neural Fitting Procedure
We fit trained model features to multi-unit array responses
from (Majaj et al., 2015). Briefly, we fit to 256 recorded
sites from two monkeys. These came from three multi-unit
arrays per monkey: one implanted in V4, one in posterior IT,
and one in central and anterior IT. Each image was presented
approximately 50 times, using rapid visual stimulus presen-
tation (RSVP). Each stimulus was presented for 100 ms,
followed by a mean gray background interleaved between
images. Each trial lasted 250 ms. The image set consisted
of 5120 images based on 64 object categories. Each image
consisted of a 2D projection of a 3D model added to a ran-
dom background. The pose, size, and x- and y-position of
the object was varied across the image set, whereby 2 levels
of variation were used (corresponding to medium and high
variation from (Majaj et al., 2015).) Multi-unit responses
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to these images were binned in 10ms windows, averaged
across trials of the same image, and normalized to the av-
erage response to a blank image. They were then averaged
70-170 ms post-stimulus onset, producing a set of (5120
images x 256 units) responses, which were the targets for
our model features to predict. The 5120 images were split
75-25 within each object category into a training set and a
held-out testing set.
C. Visualizations
In this section we present some visualizations which deepen
the understanding of the weight dynamics and stability dur-
ing training, as presented in §4 and §5. By looking at the
weights of the network at each validation point, we are able
to compare corresponding forward and backward weights
(see Fig. S3) as well as to measure the angle between the
vectorized forward and backward weight matrices to quan-
tify their degree of alignment (see Fig. S4). Their similarity
in terms of scale can also be evaluated by looking at the
ratio of the Frobenius norm of the backward weight matrix
to the forward weight matrix, ‖Bl‖F /‖Wl‖F . Separately
plotting these metrics in terms of model depth sheds some
insight into how different layers behave.
D. Further Analysis
D.1. Instability of Weight Mirror
As explained in §4, the instability of weight mirror can be
understood by considering the dynamical system given by
the symmetrized gradient flow onRSA,RAA, andRWM at
a given layer l. By symmetrized gradient flow we imply
the gradient dynamics on the lossR modified such that it is
symmetric in both the forward and backward weights. We
ignore biases and non-linearities and set α = β for all three
losses.
When the weights, wl and bl, and input, xl, are all scalar
values, the gradient flow for all three losses gives rise to the
dynamical system,
∂
∂t
[
wl
bl
]
= −A
[
wl
bl
]
,
For Symmetric Alignment and Activation Alignment, A is
respectively the positive semidefinite matrix
ASA =
[
1 −1
−1 1
]
and AAA =
[
x2l −x2l
−x2l x2l
]
.
For weight mirror, A is the symmetric indefinite matrix
AWM =
[
λWM −x2l
−x2l λWM
]
.
In all three cases A can be diagonally decomposed by the
(a) SA Epoch 0 (b) SA Epoch 2 (c) SA Epoch 90
(d) AA Epoch 0 (e) AA Epoch 2 (f) AA Epoch 90
(g) WM Epoch 0 (h) WM Epoch 2 (i) WM Epoch 90
(j) IA Epoch 0 (k) IA Epoch 2 (l) IA Epoch 90
Figure S3. Learning symmetry. Weight values of the third con-
volutional layer in ResNet-18 throughout training with various
learning rules. Each dot represents an element in layer l’s weight
matrix and its (x, y) location corresponds to its forward and back-
ward weight values, (W (i,j)l , B
(j,i)
l ). The dotted diagonal line
shows perfect weight symmetry, as is the case in backpropagation.
eigenbasis
{u, v} =
{[
1
1
]
,
[
1
−1
]}
,
where u spans the symmetric component and v spans the
skew-symmetric component of any realization of the weight
vector
[
wl bl
]ᵀ
.
As explained in §4, under this basis, the dynamical system
decouples into a system of ODEs governed by the eigenval-
ues λu and λv associated with u and v. For all three learning
rules, λv > 0 (λv is respectively 1, x2, and λWM + x2l for
SA, AA, and weight mirror). For SA and AA, λu = 0,
while for weight mirror λu = λWM − x2l .
Two Routes to Scalable Credit Assignment without Weight Symmetry
0 10 20 30 40 50 60 70 80 90
Epoch
 
1
9
90
A
ng
le
 (
)
early
middle
late
La
ye
r D
ep
th
0 10 20 30 40 50 60 70 80 90
Epoch
1e-02
1e-01
1e+00
1e+01
1e+02
||Bl||F
||Wl||F
early
middle
late
La
ye
rD
ep
th
(a) Symmetric Alignment
0 10 20 30 40 50 60 70 80 90
Epoch
 
1
9
90
A
ng
le
 (
)
early
middle
late
La
ye
r D
ep
th
0 10 20 30 40 50 60 70 80 90
Epoch
1e-02
1e-01
1e+00
1e+01
1e+02
||Bl||F
||Wl||F
early
middle
late
La
ye
rD
ep
th
(b) Activation Alignment
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(c) Weight Mirror
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(d) Information Alignment
Figure S4. Weight metrics during training. Figures on the left column show the angle between the forward and the backward weights at
each layer, depicting their degree of alignment. Figures on the right column show the ratio of the Frobenius norm of the backward weights
to the forward weights during training. For Symmetric Alignment (a) we can clearly see how the weights align very early during training,
with the learning rate drops allowing them to further decrease. Additionally, the sizes of forward and backwards weight also remain at the
same scale during training. Activation Alignment (b) shows similar behavior to activation, though some of the earlier layers fail to align
as closely as the Symmetric Alignment case. Weight Mirror (c) shows alignment happening within the first few epochs, though some of
the later layers don’t align as closely. Looking at the size of the weights during training, we can observe the unstable dynamics explained
in §4 with exploding and collapsing weight values (Fig. 2) within the first few epochs of training. Information Alignment (d) shows a
similar ordering in alignment as weight mirror, but overall alignment does improve throughout training, with all layers aligning within 5
degrees. Compared to weight mirror, the norms of the weights are more stable, with the backward weights becoming smaller than their
forward counterparts towards the end of training.
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D.2. Beyond Feedback Alignment
An underlying assumption of our work is that certain forms
of layer-wise regularization, such as the regularization intro-
duced by Symmetric Alignment, can actually improve the
performance of feedback alignment by introducing dynam-
ics on the backward weights. To understand these improve-
ments, we build off of prior analyses of backpropagation
(Saxe et al., 2013) and feedback alignment (Baldi et al.,
2018).
Consider the simplest nontrivial architecture: a two layer
scalar linear network with forward weights w1, w2, and
backward weight b. The network is trained with scalar data
{xi, yi}ni=1 on the mean squared error cost function
J =
n∑
i=1
1
2n
(yi − w2w1xi)2.
The gradient flow of this network gives the coupled system
of differential equations on (w1, w2, b)
w˙1 = b(α− w2w1β) (2)
w˙2 = w1(α− w2w1β) (3)
where α =
∑n
i=1
yixi
n and β =
∑n
i=1
x2i
n . For backpropaga-
tion the dynamics are constrained to the hyperplane b = w2,
while for feedback alignment the dynamics are contained
on the hyperplane b = b(0) given by the initialization. For
Symmetric Alignment, an additional differential equation
b˙ = w2 − b, (4)
attracts all trajectories to the backpropagation hyperplane
b = w2.
To understand the properties of these alignment strategies,
we explore the fixed points of their flow. From equation (2)
and (3) we see that both equations are zero on the hyperbola
w2w1 =
α
β
,
which is the set of minima of J . From equation (4) we see
that all fixed points of Symmetric Alignment satisfy b = w2.
Thus, all three alignment strategies have fixed points on the
hyperbola of minima intersected with either the hyperplane
b = b(0) in the case of feedback alignment or b = w2 in the
case of backpropagation and Symmetric Alignment.
In addition to these non-zero fixed points, equation (2) and
(3) are zero if b and w1 are zero respectively. For backprop-
agation and Symmetric Alignment this also implies w2 = 0,
however for feedback alignment w2 is free to be any value.
Thus, all three alignment strategies have rank-deficient fixed
points at the origin (0, 0, 0) and in the case of feedback
alignment more generally on the hyperplane b = w1 = 0.
To understand the stability of these fixed points we consider
the local linearization of the vector field by computing the
Jacobian matrix5
J =
∂w1w˙1 ∂w1w˙2 ∂w1 b˙∂w2w˙1 ∂w2w˙2 ∂w2 b˙
∂bw˙1 ∂bw˙2 ∂bb˙
 .
A source of the gradient flow is characterized by non-
positive eigenvalues of J , a sink by non-negative eigen-
values of J , and a saddle by both positive and negative
eigenvalues of J .
On the hyperbola w2w1 = αβ the Jacobian matrix for the
three alignment strategies have the corresponding eigenval-
ues:
λ1 λ2 λ3
Backprop. − (w21 + w22)x2 0
Feedback − (w21 + bw2)x2 0 0
Symmetric − (w21 + w22)x2 0 −1
Thus, for backpropagation and Symmetric Alignment, all
minima of the the cost function J are sinks, while for feed-
back alignment the stability of the minima depends on the
sign of w21 + bw2.
From this simple example there are two major takeaways:
1. All minima of the cost function J are sinks of the flow
given by backpropagation and Symmetric Alignment,
but only some minima are sinks of the flow given by
feedback alignment.
2. Backpropagation and Symmetric Alignment have the
exact same critical points, but feedback alignment has
a much larger space of rank-deficient critical points.
Thus, even in this simple example it is clear that certain
dynamics on the backward weights can have a stabilizing
effect on feedback alignment.
D.3. Kolen-Pollack Learning Rule
If we consider primitives that are functions of the pseudo-
gradients ∇˜l and ∇˜l+1 in addition to the forward weight
Wl, backward weight Bl, layer input xl, and layer output
xl+1, then the Kolen-Pollack algorithm, originally proposed
by Kolen & Pollack (1994) and modified by Akrout et al.
(2019), can be understood in our framework.
The Kolen-Pollack algorithm circumvents the weight trans-
port problem, by instead transporting the weight updates
5In the case that the vector field is the negative gradient of a
loss, as in backpropagation, then this is the negative Hessian of the
loss.
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Backprop, SA, AA
Info. Alignment
WM + AD + OPS
WM + AD
WM, WM-opt
Kolen-Pollack
Figure S5. Performance of Kolen-Pollack across architectures.
We fixed the categorical and continuous metaparameters for
ResNet-18 and applied them directly to deeper and different
ResNet variants (e.g. v2) as in Fig. 3. The Kolen-Pollack learning
rule, matched backpropagation performance for ResNet-18 and
ResNet-50, but a performance gap emerged for different (ResNet-
50v2) and deeper (ResNet-101v2, ResNet-152v2) architectures.
and adding weight decay. Specifically, the forward and
backward weights are updated respectively by
∆Wl = −η∇˜l+1xᵀl − λKPWl,
∆Bl = −ηxl∇˜ᵀl+1 − λKPBl,
where η is the learning rate and λKP a weight decay constant.
The forward weight update is the standard pseudogradient
update with weight decay, while the backward weight update
is equivalent to gradient descent on
tr(xᵀl Bl∇˜l+1) +
λKP
2η
||Bl||2.
Thus, if we define the angle primitive
Panglel = tr(xᵀl Bl∇˜l+1) = tr(xᵀl ∇˜l),
then the Kolen-Pollack (KP) update is given by gradient
descent on the layer-wise regularization function
RKP =
∑
l∈layers
αPanglel + βPdecayl ,
for α = 1 and β = λKPη . The angle primitive encourages
alignment of the forward activations with the backward
pseudogradients and is local according to the criterion for
locality defined in §3.1. Thus, the Kolen-Pollack learning
rule only involves the use of local primitives, but it does
necessitate that the backward weight update given by the
angle primitive is the exact transpose to the forward weight
update at each step of training. This constraint is essen-
tial to showing theoretically how Kolen-Pollack leads to
alignment of the forward and backward weights (Kolen &
Pollack, 1994), but it is clearly as biologically suspect as
exact weight symmetry. To determine empirically how ro-
bust Kolen-Pollack is when loosening this hard constraint,
we add random Gaussian noise to each update. As shown in
Fig. S1, even with certain levels of noise, the Kolen-Pollack
learning rule can still lead to well performing models. This
suggests that a noisy implementation of Kolen-Pollack that
removes the constraint of exactness might be biologically
feasible.
While Kolen-Pollack uses significantly fewer metaparame-
ters than weight mirror or information alignment, the correct
choice of these metaparameters is highly dependent on the
architecture. As shown in Fig. S5, the Kolen-Pollack learn-
ing rule, with metaparameters specified by Akrout et al.
(2019), matched backpropagation performance for ResNet-
18 and ResNet-50. However, a considerable performance
gap with backpropagation as well as our proposed learn-
ing rules (information alignment, SA, and AA) emerged for
different (ResNet-50v2) and deeper (ResNet-101v2, ResNet-
152v2) architectures, providing additional evidence for the
necessity of the circuits we propose in maintaining robust-
ness across architecture.
